Introduction
The mapping class group ? g of a closed, connected and oriented surface S g of genus g is de ned as the group of connected components of the group of orientation preserving di eomorphisms of S g . This group has been the object of many recent studies. Of particular interest are its nite subgroups; these are precisely the nite groups which occur as groups of symmetries of the surface S g equipped with a complex structure (a Riemann surface). The interplay of algebra, topology and analysis in the study of ? g make it one of the most fascinating groups. As it is the case for classical arithmetic groups, the nite subgroups of ? g are related to certain concepts in number theory. We shall discuss in this essay invariants of ? g which are related to number theory via Bernoulli numbers. The invariants we have in mind are rstly certain characteristic classes, associated with a natural at vector bundle over B? g , secondly, the orbifold Euler characteristic of the group ? g and thirdly its Yagita invariant. The characteristic classes are related to the denominators of Bernoulli numbers, the Euler characteristic involves the whole Bernoulli numbers, and our theorems concerning the Yagita invariant have to do with the notion of regular primes, which is expressible in terms of numerators of Bernoulli numbers. Although the three concepts which we study seem rather unrelated from the point of view of their de nitions, the fact that they all are tightly linked to properties of nite subgroups and their normalizers and centralizers in ? g renders it plausible, that the resulting invariants must be somehow linked. The precise relationship, however, remains for the time being a mystery.
We have tried to make these notes easy to read for non-experts. We therefore recall in Sections 1 through 3 many facts and de nitions, and state the relevant properties of the mapping class group without proofs, in form of a survey. We also have included a substantial bibliography, helping the reader to nd the proofs of the basic theorems of the subject, which are scattered through the literature and which are crucial for analyzing homological properties of the mapping class group. For the classical part, not dealing with the cohomology of the mapping class group, the reader should consult Birman's book Bi] . Section 4 contains a short introduction to the theory of characteristic classes for group representations, and in Section 5 we compute the order of the Euler class e 2g (? g ), associated with the at bundle over B? g induced by the action of ? g on the homology group H 1 (S g ; R). In Section 6 this Euler class is related to the Euler characteristic (? g ) of the group ? g , and in Section 7 we discuss periodicity phenomena of ? g as well as the Yagita invariant.
The De nition of the Mapping Class Group
Let S g denote a closed, connected and oriented topological surface of genus g. It is well-known that S g admits a unique smooth structure; we shall also write S g for the corresponding smooth (oriented) manifold. There are four basic ways of viewing the mapping class group ? g of the surface S g , one being purely topological, the second more geometric in nature, the third homotopical and the fourth algebraic, involving the fundamental group of the surface in question only. The de nitions we have in mind have the following form :
(I) ? g = Homeo + (S g )=Homeo 0 (S g ) (II) ? g = Diffeo + (S g )=Diffeo 0 (S g ) (III) ? g = Hoequ + (S g )=Hoequ 0 (S g ) (IV) ? g = Out + ( 1 (S g ; s 0 )) .
We shall rst give some background information and comments concerning these equivalent de nitions. Let s 0 2 S g denote a basepoint. The fundamental group of S g has a presentation 1 (S g ; s 0 ) =< a 1 ; b 1 ; : : : ; a g ; b g j Y a i ; b i ] > and thus 1 (S g ; s 0 ) ab = H 1 (S g ; Z) = Z 2g . Since S g is assumed to be orientable one has H 2 (S g ; Z) = Z. A map f : S g ! S g is said to be orientation preserving, if the induced map H 2 (f) : H 2 (S g ; Z) ! H 2 (S g ; Z) is the identity map. It is useful to notice that this is equivalent to the requirement that the determinant of H 1 (f) : H 1 (S g ; Z) ! H 1 (S g ; Z) equals one (the multiplicative structure of the cohomology ring H (S g ; Z) reveals that H 2 (f) is multiplication by det H 1 (f)). Let Homeo(S g ) denote the topological group of homeomorphisms of S g , with the compact-open topology. We shall write Homeo + for the subgroup of orientation preserving homeomorphisms, and Homeo 0 for the connected component of the identity (we use the \+" here as a subscript rather than as a superscript, to avoid confusion with Quillen's plus-construction). The mapping class group ? g of the surface S g is then de ned as the discrete group of connected components (I) ? g = Homeo + (S g )=Homeo 0 (S g ) :
We will consider (I) as our basic de nition for ? g , and want to compare it with (II),(III) and (IV) . Consider now S g as a smooth oriented manifold. In accordance to the notation used above, we write Diffeo + (S g ) for the group of orientation preserving di eomorphisms of S g with the C 1 -topology, and Diffeo 0 (S g ) for the connected component of the identity. It was proved by Dehn De] that Homeo + (S g )=Homeo 0 (S g ) is generated by \Dehn twists", which are di eomorphisms obtained by splitting S g along a simple closed smooth curve, rotating one part by 2 , and gluing the surface back together. It follows that the natural map Diffeo + (S g ) ! Homeo + (S g )=Homeo 0 (S g ) is surjective. The kernel is precisely Diffeo 0 (S g ); namely, if f : S g ! S g is a di eomorphism isotopic to the identity (i.e. f 2 Homeo 0 (S g )), then f is a fortiori homotopic to the identity, and therefore, according to Earle and Eells Ea-Ee], the map f can be connected by a path in Diffeo + (S g ) to the identity map. We have thus established that (II) ? g = Diffeo + (S g )=Diffeo 0 (S g ) : In case g = 0, that is S 0 = S 2 the 2-sphere, Diffeo + (S 2 ) is connected; the inclusion of SO(3) in Diffeo + (S 2 ) is actually a homotopy equivalence by Smale's result Sm]. Thus ? 0 = feg. For g > 0 however, the mapping class groups ? g turn out to be all non-trivial. The group ? 1 can be most easily understood using the de nitions (III) and (IV) respectively, which we shall discuss now. Let Hoequ + (S g ) be the topological group of orientation preserving homotopy equivalences of S g with the compact{open topology, and Hoequ 0 (S g ) the connected component of the identity. where T? g denotes the Torelli group, which is easily seen to be torsion-free (every element of nite order in ? g can be realized as a holomorphic automorphism on some Riemann surface (S g ; ), and these act non-trivially on H 1 (S g ; Z)). Since Gl 2g (Z) contains a torsion-free subgroup of nite index, it follows that ? g too possesses one.
To conclude this Section, we want to mention two additional basic results, concerning in nite subgroups of ? g . The rst one is an analogue of a Theorem One can therefore think of the cohomology elements of ? g as universal characteristic classes for smooth orientable S g -bundles. The most important tool for studying the cohomology of ? g is its action on Teichm uller space T g , which is for g > 1 a smooth manifold homeomorphic to R 6g?6 . Teichm uller space is a parameter space for complex structures on the oriented closed smooth surface S g , where two complex structures on S g are considered as equivalent if and only if there exists a di eomorphism f : S g ! S g di eotopic to the identity (i.e. f 2 Diffeo 0 (S g )), carrying one complex structure to the other. According to Earle{Eells Ea-Ee], one can describe T g as follows. Consider the space CS(S g ) of complex structures on S g compatible with the smooth structure and orientation; it carries a natural topology and an obvious action of Diffeo + (S g ). Then one has T g = CS(S g )=Diffeo 0 (S g ) : There remains a natural action of ? g = Diffeo + (S g )=Diffeo 0 (S g ) on T g , which is known to be properly discontinuous. The orbit space M g = T g =? g = CS(S g )=Diffeo + (S g ) is called the moduli space of S g . It has the structure of a complex variety and its points correspond to conformal equivalence classes of complex structures on S g . Because the action of ? g on T g is properly discontinuous, the stabilizers of points of T g are nite. The natural projection
is a branched covering space, and it can be thought of as a resolution of the singularities for the variety M g . In particular, T g inherits a natural complex structure such that ? g acts by complex automorphisms. By a result due to Royden is well de ned.
Remark. There are of course many other ways to de ne Teichm uller space T g .
We just want to mention one di erent de nitions, which is discussed in Goldman's
paper Go], and which is particularly attractive. By choosing a complex structure on S g one obtains an embedding in 1 (S g ) into PSl 2 (R), which is the group of isometries of the upper half-plane. Teichm uller space can then be identi ed with the component of in Rep( 1 (S g ); PSl 2 (R)), the space of conjugacy classes of homomorphisms from 1 (S g ) to PSl 2 (R). Since 1 (S g ) is nitely presented, this space admits a natural embedding as a real algebraic subvariety in a quotient of a product of copies of PSl 2 (R). The action of ? g on T g is just the one induced by the action of the group of orientation preserving automorphisms of 1 (S g ) on the space Hom( 1 (S g ); PSl 2 (R)). is injective in dimensions less than g=3. The classes y j for odd j can be described as symplectic characteristic classes in the following way, an interpretation which is useful in many contexts. Consider the natural map B? g ! BSp 2g (R) induced by the action of ? g on H 1 (S g ; R), viewed as a symplectic space using the cup product. Since a maximal compact subgroup in Sp 2g (R) is isomorphic to U(g), From a rational point of view, the only part of the map
which is of any relevance, is therefore the induced map where ranges over the set P of subgroups of order p in ? g , and N( ) (respectively C( )) denotes the normalizer (respectively centralizer) of in ? g . In particular, the p-period p(? g ) divides 2(p ? 1). We use the convention that lcmf2 N( ) : C( )]j 2 Pg = 1 in case P is the empty set; in that case p(? g ) = 1 too, according to our de nition. It is possible to convert the general formula for p(? g ) in an explicit formula in terms of g and p as follows.
If
? g is a subgroup of order p then, as discussed earlier, one can lift to a subgroup of Diffeo + (S g ), and it is a classical result, that the number of xed points n( ) of this -action on S g does not depend on the lift chosen. It was proved in G-M-X1] that for g > 1 one has lcmf2 N( ) : C( )] j 2 Pg = lcmfgcd(2(p ? 1); 2n( )) j 2 Pg : According to Xia Xi2], the numbers n( ), which occur as cardinalities of such xedpoint sets, form a set denoted by B g;p , which is given by the following formula. We may restrict to the case p odd, since ? g is never 2-periodic for g > As usual, the notation x] stands for the integral part of the rational number x. We also use the natural convention that gcd(2(p ? 1); 0) = 2(p ? 1) and, as before, the lcm of an empty set of numbers is understood to equal 1. For example, one easily checks that for p = 3 the sets B g;p contain always an even number. We also note, by using (KRULL{DIM I) or by checking the condition (b2) of (p{PERIOD), that for g > 1 and g 1 mod 3, ? g is never 3-periodic. This shows that the following holds. (3{PERIOD) Suppose g > 1. Then ? g is 3-periodic if and only if g 6 1 mod 3 and the 3-period of ? g is always 4.
It is easy to see from the de nition of the p-period that a subgroup of a p-periodic group ? is also p-periodic, with p-period dividing the p-period of ?. As a result, one concludes for example:
The groups S(2,3)= Z=9Z o Z cannot be embedded into any mapping class group ? g with g 6 1 mod 3.
Indeed, using the same notation as earlier, S(2; 3) is 3-periodic with 3-period 12, which is larger than 4, the 3-period of a 3-periodic ? g . Returning to the case of an arbitrary prime p, we like to mention one more result, which follows from (p{ PERIOD). Consider ? g with g 1 mod p. As mentioned earlier, there can only be a nite number of such ? g 's which are p-periodic (p a xed prime). On the other hand, because S g can be considered as an unrami ed covering space of S h with h given by p(2 ? 2h) = 2 ? 2g, it follows that ? g contains a subgroup of order p satisfying n( ) = 0, corresponding to a xed-point-free action. From our formula for the p-period we infer thus:
Suppose ? g is p-periodic and g 1 mod p. Then its p-period is 2(p ? 1).
We would like to conclude this Section by mentioning computations, which involve the mapping class groups ? (p?1)=2 , respectively ? (p?1) , and which demonstrate the power of using p-periodicity and the p-period in the course of computing Farrell cohomology. For an odd prime p, the smallest value g 1 such that ? g has ptorsion, is g = (p ?1)=2, and g = p?1 is the second smallest such value. The Krull dimension at p > 2 is 1 for ? (p?1)=2 and ? p?1 , so that these groups are p-periodic. Let (n) denote the number of generators of the cyclic group Z=nZ (the Eulerfunction). Note that there are (n) faithful irreducible C -representations of Z=nZ, and their sum, which we denote by n , is a representation of degree (n), which is de ned over Z; the representation n is sometimes called the cyclotomic representation, since as a Q -representation it is equivalent to the one obtained from the Galois action of Gal(Q( n )=Q) on the cyclotomic extension of Q gotten by adjoining a primitive n-th root of unity n . It is obvious that any faithful irreducible representation of Z=nZ over Q must involve n and thus n is characterized as being the smallest faithful irreducible Q -representation of Z=nZ. Note that its top Chern class c (n) ( n ) 2 H 2 (n) (Z=nZ; Z) has (maximal) order n, because the total Chern class c( n ) is given by Y j;(j;n)=1
(1 + jc 1 ( n )) = 1 + : : : + Y j;(j;n)=1 j c 1 ( ) (n) :
Recall that E 2m denotes the denominator of B 2m =2m. says that this order is optimal for Q -representations of arbitrary nite groups, in the following sense:
If : F ! Gl(Q) denotes an arbitrary representation of a nite group F over Q , then the order of c i ( ) is at most two for i odd, and it divides E i for i > 0 even.
The bound is actually also best possible for Q -representations of in nite groups, up to possibly a factor 2. This follows from Eck-Mi4] in conjunction with Arlettaz's result Ar] who proved that the universal Chern classes restrict to torsion classes in the cohomology of the group Gl(Q) considered as a discrete group (the complication to overcome is the fact that the integral homology of Gl n (Q) is not nitely generated); see also Mis1] where BSl n (R) stands for the classifying space of the group Sl n (R), considered as a discrete group. In case that R is a discrete subring of R, we will omit the superscript ; a similar convention is used for the case of the Chern classes. The Euler class e 2m (Q) 2 H 2m (BSl 2m (Q) ; Z) has in nite order (see Milnor Miln] ), but, according to Sullivan Su] e 2m (Z) 2 H 2m (BSl 2m (Z); Z) is a torsion class.
The order of e 2m (Z) is | the same number is coming up again | E 2m or 2E 2m . For the restriction of e 2m (Q) to the cohomology of a nite subgroup Sl 2m (Q) it was proved in Eck-Mi1] that the \universal bound" for the order is precisely E 2m : If denotes a representation F ! Sl 2m (Q) of a nite group F, then the order of e 2m ( ) := (B ) e 2m (Q) divides E 2m , and E 2m is the best universal bound for the order of the Euler class of such representations.
One should note that a nite subgroup of Sl n (Q) is not necessarily conjugate to a subgroup of Sl n (Z)!
Torsion in ? g and the Homology Representation
Our goal in this Section is to improve the (TOR){result concerning torsion in the integral cohomology of the mapping class group, stated in Section 3.3. The techniques we use are essentially the ones used in Glover{Mislin Gl-Mi2], just a little bit re ned.
5.1 Fixed point data. A basic invariant of an orientation preserving di eomorphism of nite order n > 1, f 2 Diffeo + (S g ) ; is its xed point data. It is de ned as follows. Because f preserves orientation, the singular set of f, that is, the points x 2 S g for which the orbit ff k (x)jk 2 Zg has fewer than n elements, is necessarily a nite set. Let fx i g be a set of representatives of the singular orbits of f and write n i for the order of stab f (x i ), the stabilizer of < f > at x i 2 S g , where < f > denotes the subgroup generated by f. Then f n=n i generates stab f (x i ) and, with respect to a xed Riemannian structure, the di erential of f n=n i acts by rotation on the tangent space at x i . Let k i be an integer such that f k i n=n i acts by rotation through 2 =n i . The number k i is well de ned modulo n i , and k i is prime to n i . The xed point data of f, denoted by (f), is then the collection (f) =< g; n j k 1 =n 1 ; : : : ; k q =n q > where g is the genus of the surface S g , n the order of f, and q the number of singular orbits of the f-action; the numbers k 1 =n 1 ; : : : ; k q =n q are unique up to order, if we choose k i so that 1 k i < n i .
A classical theorem of Nielsen Ni2] states that two di eomorphisms of nite order are conjugate in Diffeo + (S g ) if and only if they have the same xed point data. Symonds Sy] proved that the xed point data of a di eomorphism of nite order depends only upon its isotopy class, that is, its image in ? g . By the classical case of the \Nielsen Realization Theorem" (cf. Fenchel Fe] ), every element of nite order of ? g can be represented by a di eomorphism of the same order. It follows that one can de ne the xed point data (x) for a torsion element x 2 ? g by putting (x) = (f), where f denotes any lift of x to Diffeo + (S g ) of the same order. As a consequence we infer:
Two elements of nite order in ? g are conjugate if and only if they have the same xed point data.
If x 2 ? g has nite order and has xed point data (x) =< g; n j k 1 =n 1 ; : : : ; k q =n q > and if f denotes a di eomorphism of order n representing x, then the orbit space S g = < f > is a surface S h such that the natural projection : S g ! S h is an nsheeted branched covering, with q branch points in S h corresponding to the singular orbits of the action of the group < f > generated by f. The order of a branch point P 2 S h is de ned as n=j ?1 (P )j, and these orders correspond therefore to the orders of stabilizers, denoted by n i above. From covering space theory one sees that the genus h is determined by g and the xed point data (x) via the Riemann{Hurwitz Relation:
(1 ? 1=n i )) :
Remark. The branching orders can be computed by counting the numbers of xed points of the di erent powers of the map f. The number of such xed points can be computed from the representation of the group < f > = Z=nZ on H 1 (S g ; R), by the Lefschetz{Hopf trace formula. From character theory it is then plain that the conjugacy class of the image of f in Gl 2g (R) with respect to this representation, is determined by the branching numbers fn i g. We could also look at the conjugacy class of f in Sp 2g (Z), by considering the action of f on the symplectic space H 1 (S g ; Z), the symplectic structure being given by intersection product. In case of n = p a prime, this conjugacy question was analyzed by Edmonds and
The xed point data of an x 2 ? g of order p has the form (x) =< g; p j k 1 =p; : : : ; k q =p > where 0 < k i < p; the number q here equals the cardinality of the xed point set of any di eomorphism of order p representing x, and k i is called the type of the i'th xed point. Note that q can be computed as the Lefschetz number (x) of x, that is (x) = X (?1) i trace(x : H i (S g ; Q ) ! H i (S g ; Q )) = q :
The xed point types come up in the formula for the signature of x, given by
This signature invariant corresponds to the the equivariant signature of the linear transformation induced by x on the hermitian space H 1 (S g ; C ); see also for the images of the universal Chern classes, respectively the universal Euler class, under the restriction maps induced via
From our earlier discussions it is plain that the Chern classes c i (? g ) for i > 0, and the Euler class e 2g (? g ), are torsion classes. We want to establish the following result concerning their order.
Tor{Theorem. Denote as before the denominator of B 2m =2m by E 2m , so that E 2 = 12, E 4 = 120, E 6 = 252 and so on. Then the following holds.
( 1) with two branch points of order p and l of order p. We recall the classical construction of such a covering space. One begins by deleting 2 + l points from the 2-sphere to get X = S 2 n fx 1 ; x 2 ; y 1 ; : : : y l g and chooses a suitable surjective homomorphism @ : 1 (X) ! Z=p n Z :
To describe @ more explicitly, we choose a presentation of 1 (X) of the form Here w denotes a general element in Z=p Z. On the other hand, ifz denotes a lift of order p in Diffeo + (S g ) of the generator z 2 ? g , then by constructionz has precisely 2 xed points (we are still assuming that > 1). More generally we can say that ifz j has order greater then p, then it has precisely two xed points, and when its order is p, it has 2 + lp ?1 xed points. The Lefschetz number computes the number of xed points FP(z j ) of the mapz j , in casez j is not the identity map, by (z j ) = 2 ? trace(z j j H 1 (S g ; Q )) = FP(z j ) : Bernoulli number B 2i with 2 2i < p ? 1. Thus 691, the numerator of B 12 , is an example of an irregular prime; the rst three irregular primes are 37, 59 and 67.
The following terminology was introduced in G-M-X2].
Let p be a prime. We say that an integer g satis es the (p)-condition if and only if g is of the form lp + 1 with l prime to p, > 0, and 2l = p(2h ? 2) + k(p ? 1) for some integers h > 0, k 0 with k 6 = 1.
We can now state the main results concerning the Yagita invariant of the mapping class group, as proved in G-M-X2].
(Y{INVARIANT 1) Let p be an odd regular prime and assume that g = lp + 1 with l prime to p and > 0. Then the Yagita invariant p(? g ) is determined as follows. For even genus g the Yagita invariant p(? g ) at the prime 2 equal 4.
We want to sketch the strategy involved in the proofs concerning the Yagita invariant of ? g . As explained, we can assume that p is an odd prime and g = lp + 1; > 0 and l prime to p. is non-trivial. This can be achieved, for details consult G-M-X2]. Besides of studying the restriction of various characteristic classes, one also makes use of the action of ? g on the complement of the union of the singular sets in Teichm uller space of the actions of all subgroups of ? g which are conjugate to . This complement is a smooth non-compact manifold, which is used to construct a cohomology element in H (? g ), whose restriction to the cohomology of is non-zero.
Third step:
Settle the case when g satis es the p-condition. The p-condition is just the condition needed to be able to construct a subgroup Z=p +1 Z in ? g , with a xed point data for a generator x to be of the form (x) =< g; p +1 j k 1 =p; : : : ; k l =p > ; a xed point data which can be used in a manner similar to the argument in step one to show that p(? g ) is a multiple of p . It follows then that p(? g ) must be equal to 2(p ? 1)p . 
